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Abstract: We study the BSFT actions by using an analytic continuation in momen- 
tum space. We compute various two- and three- point functions for some low-lying 
excitations including massive states on BPS/non-BPS D-branes. The off-shell two- 
point functions for the tachyon, the gauge field and the massive fields are found 
to reproduce the well-known string mass-shell conditions. We compare our action 
with the tachyon actions previously obtained by the derivative expansion (or the lin- 
ear tachyon profiles), and find complete agreement. Furthermore, we reproduce the 
correct on-shell value of the tachyon-tachyon-gauge three-point function on brane- 
anti-brane systems. Though inclusion of the massive modes has been thought dif- 
ficult because of the non-renormalizability in string a models, we overcome this by 
adopting general off-shell momenta and the analytic continuation. 
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1. Introduction 

The outstanding problems in string theory, such as determination of its vacuum, 
require complete non-perturbative definition of string/M theory. At present, only a 
few candidates for it are in our hand, among which the most promising formulation 
may be string field theories ^, However, their techniques developed for cal- 
culating various physical quantities are yet not enough for checking the validity and 
efficiency of the string field theories. Background-independent (or boundary) string 
field theory (BSFT) is one of the formulations of the string field theories. For 
superstrings, the BSFT action S is conjectured to be simply given by the partition 
function Z of supersymmetric boundary a models @, ^ ^. The BSFT turned out 
to be very useful in describing exactly some of the important consequences of the 
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tachyon condensation based on the Sen's conjectures such as tensions of topolog- 
ical defects. Very few have been as successful as the BSFT in extraction of off-shell 
information in string theory, which suggests that the BSFT is an essential touchstone 
for exploring non-perturbative aspects of string theories and even obtaining a proper 
definition of string/M theory. 

Though the BSFT is a very attractive formulation, it has some shortcomings to 
be overcome. One of those is that the definition of the BSFT action given in is 
rather formal and it is difficult to apply it for actual purposes. Consequently, its re- 
lation to worldsheet spectra and string scattering amplitudes is rather unclear. This 
relation is one of the main points we are going to clarify in this paper. One of the 
other problems is difficulty in incorporating string massive modes in the BSFT. Since 
the BSFT action is defined with boundary perturbations (interactions) of the world- 
sheet a model action, there is apparent difficulty in defining its partition function 
for non-renormalizable boundary perturbations. More explicitly, since ^X(r) has 
mass dimension one in the boundary one dimensional theory, only the tachyon T{X) 
and the massless gauge fields A^{X) are renormalizable couplings of the boundary a 
model, once perturbative expansion in powers of dimensionless X is employed (this 
corresponds to Taylor (or derivative) expansion of the space-time fields in the bound- 
ary couplings). For this reason, it has been widely believed that only for the tachyon 
and the gauge field one can compute BSFT actions, but one can not compute the 
action for massive modes since they correspond to non-renormalizable boundary per- 
turbations, of which the mass dimensions are greater than one. However, there is a 
loophole in this argument: we may include an infinite number of boundary couplings 
so that the renormalization is consistent p]. Although it seems difficult naively to 
find such a set of bases of infinite dimensions, our answer is quite simple — we use 
a Fourier decomposition instead of the Taylor expansion, for the boundary interac- 
tions. For example, if we express T(X(r)) in the normal-ordered plane- wave basis 
as T{X) = fdk t{k) : ^ the dimension of this normalized field is less than 

one for an appropriate region of the momentum value fc^ (this procedure was briefiy 
discussed in appendix A of and similar methods were used in [jlO|, |ll|). As we will 
see in this paper, if we consider t{k) with appropriately negative /c^, the partition 
function Z is computed to be finite and there is no need to perform the renormal- 
ization further, thus the BSFT action is well defined for perturbatively all order in 
t{k). Moreover, we can analytically continue the BSFT action to include t{k) with 
any k. The important point is that this procedure can he applied also for the massive 
fields and we have a BSFT action for all (bosonic) space-time fields. With use of 
the normal ordered Fourier basis and the analytic continuation, the BSFT (and also 
boundary a models) can incorporate all the excitations of the open string including 
the massive modes with arbitrary momenta. 

In this paper, we study the BSFT action using this analytic continuation method. 
We compute various two- and three- point functions for some low-lying excitations 



- 2 - 



(including massive states) on BPS/non-BPS D-branes and brane-anti-branes. In this 
paper we assume S'bsft = ^ IK- The off-shell two-point functions for the tachyon, the 
gauge field and the massive fields are found to be reproducing the well-known string 
mass-shell conditions. We compare our action with the tachyon action previously 



obtained in 0, 12, 13] by the derivative expansion (or linear tachyon profiles), and 



find complete agreement for terms existing in both. This is an interesting result 



since the peturbative tachyon mass was not correctly obtained previously in P 
becasuse of truncation of higher derivative terms in the boundary interaction, while 
our analytic continuatinuation method includes arbitrary higher drivative terms and 
gives the correct perturbative tachyon mass. This mechanism has been applied to the 
tachyon condensation senario in our previous paper |l^ in which we have showed that 
the BSFT linear tachyon backgrounds corresponding to lower-dimensional BPS D- 
branes and rolling tachyons in fact give rise to deformations of mass-shell structures 
(expected in effective field theory results such as in |T6[) for all the open string 
excitations, which verifies the Sen's conjectures 0. One of the other intriguing 
aspects of our two-point functions is that they seem to require a cut-off for large 
momenta — this might be the appearance of the minimum length in string theory. 

For three-point functions, we reproduce the correct on-shell value of the tachyon- 
tachyon-gauge three-point function on brane-anti-brane systems. (Most of the other 
combinations of the fields vanish in the superstring case.) To compute the on-shell 
value of the three-point function, the limiting procedure empoloyed in [l^, |ll[ is not 
correct in general. Furthermore, [10| pointed out a problem in which the three-point 
function with a gauge field exhibits a divergence. We solve these problems by using a 
field redefintion of the space-time fields which makes the three-point function regular 
at the on-shell value. The three-point function obtained in this way coincides with 
the S-matrix computation. As a property of interactions in the BSFT, the following 
consistency condition is expected [|Tn| : the action S = Z already includes the vertices 
which reproduce on-shell tree level S-matrix |]^, while the path integral of e*'^ or one- 
particle- reducible Feynman graphs would give further contributions to it, thus these 
additional contributions should vanish with on-shell external legs. We have checked 
this explicitly for our three-point function. 

The organization of the paper is as follows. In section H, after describing our 
general procedures of computation of the BSFT action, we give two-point functions of 
spacetime fields including massive excitations reproducing correct superstring spectra 
for BPS/non-BPS D-branes. A detailed consistency with the tachyon/gauge BSFT 
actions in the previous literatures is studied. In section |^, a three-point function on a 
non-BPS brane is obtained and its properties, especially the reproduction of a string 
scattering amplitude, are studied, section ^ is for discussing various interesting 
properties of the obtained off-shell action, including an indication of a spacetime 
resolution in string theory. In appendix ^ we apply our action to reproduce a part 
of Sen's result on rolling tachyons [O, |l3], and in appendix R a background gauge 
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field strength is introduced to see derivative corrections to Born-Infeld actions. In 
this paper we consider only superstrings since their BSFT action is simple. 



2. BSFT action via analytic continuation 

After pointing out the difficulty in getting mass-shell conditions in previous tech- 
niques (Taylor expansions of the boundary couplings) in the BSFT, in this section 
we explain how the different choice of the expansion basis consistently gives a BSFT 
action incorporating the mass-shell conditions. Emphasis is on the fact that, even 
for massive excitations which are widely believed to be non-renormalizable and so 
difficult to be treated in boundary a models, we can successfully write down the 
BSFT action via the "analytic continuation method". We utilize the momentum 
dependence of conformal dimensions of off-shell vertex operators to obtain a finite 
partition function which is the BSFT action. Though one has to make the ana- 
lytic continuation to get into physically interesting regions of momenta such as the 
nearly on-shell region, this method turns out to be consistent with all known ac- 
tions of tachyons and gauge fields derived with Taylor (derivative) expansion of the 
boundary couplings. 

2.1 Brief review of super BSFT action 

The disk partition function for a BPS D9-brane is defined by 

Z = y DXD^ exp[-/(X,^/^)] . (2.1) 

In this definition the a model action 1 is composed of two terms, / = /q + -^b, where 
/o is the bulk part* 



1 

47r 



s 



(2.2) 



and Ib is a boundary interaction which is written by a superfield whose argument is 
restricted to the boundary, 

X^(r, e) = X^{t) + v^ieij^ir) . (2.3) 

In this paper we take a convention a' = 2. When applied to the context of the 
BSFT, S should not be the upper half plane but a unit disk, and thus (9S is not 
the real axis but a unit circle. So, r parametrizes the boundary circle of the disk, 
—71 < T < 71. As an example of the boundary perturbation, a massless gauge field 
on a BPS D-brane is represented by 

7b = / drdei-iDeX'^A^iX)] , (2.4) 



*The spacetime metric is diag(— 1, 1, 1, • • • , 1) in this paper. 
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where the superspace derivative is 

Da 



de dr 



[2.5) 



Other space-time fields can be incorporated as boundary couphngs possessing higher 
powers of Dg. 

For a brane-anti-brane system, we should include the following boundary fermion 
which represents the Chan-Paton factor of the brane-anti-brane |jl9|. In the superfield 
notation, the boundary fermion is 



T{t,9) = r]{T) + 9F{T) 



and its kinetic action is given by [T^, [13 



Jr = / drde [-TDeT] = [ dr [r/?) - FF] . 



(2.6) 



[2.7) 



This means that ?7 is a propagating boundary fermion while F is an auxiliary field. 
By the canonical quantization of this action, we may regard fj, rj and [f/, rj] as Pauli 
matrices cr+,o"_ and a^, respectively, which are Chan-Paton degrees of freedom of 
the two branes. The number of F's in the interaction terms is related to the GSO 
parity. To obtain The disk partition function, we should path-integrate also F, 



Z = J DXDil^DriDF exp[-/(X,^) - Ir{v,F)] . 



(2.8) 



To get a boundary action for a non-BPS D-Brane, we simply restrict F to a real 
superfield. As an example, the tachyon field on the D-brane is represented as 



/r + /b = / drdO 
'as 



-TDeT + ^Sf 



/27r 



dr 

as 



7]r]-F^ + i\ -i:^r]d;r{X) - 

V TT ^ V27r 



In this boundary action, we can easily integrate out the auxiliary field F to get 



/r + /E 



dr 



r^r, + t^l^rvd,T{X) + ^T{X)' 



(2.9) 



When the tachyon field is constant, we immediately obtain the well-known spacetime 
tachyon potential of the form e~'^'^^. 

The super BSFT action is conjectured to be given by the disk partition function 



BSFT 



z . 



(2.10) 
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We normalize Z a.s Z = T J d^^x when all space-time fields vanish, where T is the 
tension of the corresponding brane(s). (Hereafter, we use this normalization of Z.) 
The validity of the assumption (|2.1CI| ) has been discussed in 

To evaluate the partition function of the open superstring a model, one needs to 
specify the explicit form of the boundary couplings. Historically, Taylor expansions 
for the boundary coupling have been adopted in which for example the tachyon field 
is expanded as 

T(X) = T{x) + d^T{x)X^ + ]^d^d,T{x)X^X^ + • • • , (2.11) 

where the worldsheet scalar field is decomposed into its zero mode x^ plus the 
oscillator mode X^. The multiple scalar fields should be normal-ordered so that the 
boundary coupling is well-defined. The partition function can be evaluated using the 
worldsheet propagators 

(x^{t)X^{Q)) = -Ar^^^ log 2sin^ , (^^(r)^'^(O)) = . (2.12) 

\ / 2 2 sm ^ 



2 

The propagator for r) (in the non-BPS case) is 



, / N / 1 / /N 1 sin(r/2) 

(,(.),,(/)) = -e(r-r') = -^-i^. (2.13) 

where e(ri2) is the sign function. Due to the worldsheet periodicity, the last expres- 
sion is appropriate, if we define |g™(^/|)| = for r = 2mi (n G Z). 

The Taylor expansion ( p.ll|) adopted in most of the literature has provided vari- 
ous interesting results P, ||, 0, 0, |l^ , especially on the tachyon condensation and 
the Sen's conjectures. For the tachyon profiles linear in X, the boundary interaction is 
path-integrated exactly and gives the tensions of lower-dimensional D-branes. How- 
ever, this simple expansion (|2.11|) is obviously incompatible with general mass-shell 
conditions, because basically the above expansion is a derivative (or a') expansion. 
Throwing away the higher derivatives to compute the partition function is valid only 
for nearly massless states, though generic on-shell conditions are apparently differ- 
ent from the massless condition. In this paper, we adopt a different expansion to 
reconcile the on-shell condition with the computability of the partition function. 

2.2 Tachyon two-point function 

The essence described in Appendix A of is to use a plane-wave basis instead of the 
Taylor (derivative) expansion ( p.ll| ) to extract the structure of the off-shell tachyon 
state which can be nearly on-shell. We expand the tachyon field as 

T{X) = jdkt{k)e'^-^ = J dk tn{k) : e'^-^ : = j dk t^ik) e'''-'' : e'''-^ : .(2.14) 
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The function t{k) is a momentum representation of the tachyon field. We allow 
generic function t{k) which is thus off-shell. We introduced the normal ordering 
so that the tachyon off-shell coupling itself is well-defined on the boundary of the 
worldsheet. The relation to the renormalized tachyon field is 

t{k) = tR(A;)exp [2Ploge] (2.15) 

where e is the regularization parameter in a regularized version of the propagator 

(iHD, 



X''{t)X''{0)\ = 27]^"" ^e^™"-l™l^ . (2.16) 



m, 

Accordingly, the renormalized tachyon field in the coordinate representation is 

T{x) = exp [-2{\oge)d^d^] Tr(x) . (2.17) 

In superstring theories, the open string tachyon appears in unstable D-branes. 
Here we consider the tachyon in a non-BPS D-branes. The relevant boundary action 
-^r + -^B is (|2.9|) . Since we work in component fields in the rest of this paper, we refer 
to ( p.9| ) without the rj kinetic term, i.e. the second and the third term in ( |2.9| ), as 
Ib- The tachyon n-point function is given by 

^Jdx ((-/b)") , (2.18) 
where ( ) denotes the path-integration over X, ip and t] with the worldsheet action 



Jo + j dr rjfj for the non-BPS case. A simplification occurs as explained in ||20|, the 
term in the tachyon coupling Jb vanishes in an appropriate region of the momenta, 
since 

T{X{t))T{X{t)) = Jdkdk' tn{k)tR{k')e'^^+^'>'=\im : e''=-^(-+^) : : e^'^'-^M : 

Qkdk' tK{k)tn{k')e'^^+^'^-'' limexp [Ak ■ A;' log |e|] : e'('=+'='>^M : 

dkdk' tR(fc)tR(fc')e'('=+'')-"lime"'=-'^' : e'('=+'=')-^M : 
= . (2.19) 

Here we have assumed k ■ k' > 0. Thus we may consider just the term ip^rjdf^T in 
/b for the computation of the relevant part of the partition function ( |2.18|) and then 
analytically continue the result to all other region of k. What we are doing here is a 



kind of an off-shell version of [181. 
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In this subsection we obtain the tachyon two-point function J ^^(/b/b) which 
provides the mass-shell condition, with use of the boundary propagators (|2.12| ), 
( p.l3|) .^ Noting the well-known result 



: e^'^^fr) :: e 



ikX 



(0): 



2 sin 



4k-k 



(2.20) 



we obtain (/b/b) as 



dkidk2 dTidT2 



TT J 2^^^^^^2sin(ri2/2) 



2 sin 



ri2 



4fci-fe2 



xe"'^ ^ , .... -(iA;i)^tR(/i;i)(iA;2)^tR(A;2) 



dri 



12 



sm 



4fci-fc2-l 



r{2ki ■ k^) 



dfcidA;2e*-^+^^-^'(-^i-A;2)tR(fci)tR(A;2)2^'=^-'=^2v^-^, , , , , , 

1 (2fci ■ fc2 + 1/2) 

r(2fci ■ A;2 + 1) 



dkidk2 e'('=^+'=^)-"tR(fci)tR(fc2)2^'=i- 



fc2 



r(2/ci ■ k2 + 1/2) 



(2.21) 



Hence defining 



r(i/ + i/2) 



(2.22) 



we obtain the BSFT action 
S = Z = T J dx ' 
= T I dx 



dkidk2 tK{ki)e'^'-''Z^^\a'ki ■ k2)tK{k2)e'^^"' + 0(4) 
l-^-T^{x)Z^^\-a'"d ■~d)T^{x) + 0{Ti) , (2.23) 



where we recovered the explicit a' dependence by a' /2 = 1. Note that here we haven't 
performed the target space zero-mode integral / dx, and so we actually compute the 
BSFT Lagrangian density L. The action has information of all order in its spacetime 
derivatives but for small magnitude of the tachyon field. We shall see interesting 
properties of this action below. 

First, the tachyon mass-shell condition should be read from the kinetic function 
Z^'^\ The equation of motion for the tachyon follows from the action as 



Z(2)(92)Tr,(x) =C(Ti 



(2.24) 



^After completion of this work, we found that this subsection has an overlapping result with 



21 
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Figure 1: Behavior of the kinetic function Z^'^\y). It has zeros at y = 
—n + 1/2 while poles at y = —n (n E Z"*"). The region y > — 1 is regular. 



Plane-wave solution with an infinitesimal magnitude is represented as TR(a;) = Ae*'^'^ 
(A ^ 1), for which the equation of motion reduces to 

Z^^\-a'e)=0. (2.25) 

This can be solved by k'^ = l/2a', the tachyon mass-shell condition. 

Strangely, as seen obviously in Fig. |l|, there are an infinite number of solutions 
for this equation ( p.25| ), a'k"^ = n + 1/2 (nG Z>o). However, poles exists before the 
next zero is reached from the regular region y > 0. These poles might be interpreted 
as a spacetime resolution or a minimum length in string theory. We shall discuss 
this point in detail in section ^ 

The kinetic operator Z^'^\y) can be expanded around the on-shell momentum, 
in terms oi y + 1/2. The coefficient 

^z^'\y)\ = I (2-26) 

gives us an information on the normalization of the tachyon field once we require 
the canonical normalization of the kinetic term. (The terms higher in the power of 
{y + 1/2) in the expansion of Z^'^\y) can be absorbed into the field redefinition of 
the tachyon field.) This normalization is necessary in comparing the BSFT results 
with known string scattering amplitudes, which will be studied in section ^. 

2.3 Relation to derivative-expanded BSFT tachyon action 

We can compare our result (|2.23|) with the known expression for the tachyon La- 
grangians derived so far in BSFT's. An interesting fact is that, although the defi- 
nition of the partition function naively suggests that a constant T gives vanishing 
result ( p.l9|) (this is due to the fermion integral dO in ll^]), the "potential" term is 
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reproduced in our result (|2.23|) after the analytic continuation. In fact, the two-point 
function in (|2.23| ) has a regular Taylor expansion for small momentum as 

oo 

Z(2)(^) = ^a„i/^ (2.27) 

n=0 

ao = l, ai = 41og2, = -— + 8(log2)^ ■ ■ ■ (2.28) 

and in particular, is non-vanishing. This means that the Lagrangian is expanded 
in terms of the derivatives (i.e. slowly-varying field approximation) as 

^ = 1 - + 2a'log2id,Tnf + (^^-4(log2)2) a'\d,dM' + 0{d') .(2.29) 

So there appears "potential" term. Note that, on the other hand, in the conven- 
tional BSFT approaches 0, |l3l the term was due to the expansion of the tachyon 
potential e""^^/^ coming from the contact term Tr(X)^ in the boundary action which 
we have neglected as seen in ( |2.19|) . Technically speaking, the reason why the po- 
tential term appears is that we have evaluated the worldsheet partition function 
for generic tachyon momentum and taken a limit — > 0, which is different from 
the case of putting = from the first place. We have unawares used an analytic 
continuation to evaluate the kinetic operator in regions of interest. 

A conventional string a model approach (Taylor expansion or derivative {a') 
expansion of the boundary couplings) provides a similar form of the effective action 
for the tachyon |1T3| , 



^ = 1 - + 2a'\og2{d,f^f + a'%o(5,5.TR)2 + 0{d') . (2.30) 



The original result in ||T3[ was for a brane-anti-brane, but restricting the complex 
tachyon field to be real {^T^''''-'^^^ = Re T^°), the action reduces to that of 
the non-BPS brane as above. The value of the constant 70 defined in [p!3[ 



can 

be computed-l- to be 70 = 7r^/12 — 4(log2)^. This Lagrangian (|2.30|) completely 
•l-With the following relation for a small e, 

E V-n-E - de' ) =M£L + !L-2(log2)^ + 0(e) 

'^-^ m{m+r) ^-^ /, to /, 1 — 2 6 

m,r>0 ^ ' m,r>0 

where the summation index m is for positive integers while r is for positive half-odd numbers, 70 
can be explicitly evaluated as 

70 = - hm E - f ^ —\ e-^'-^")^ + ^ - 4(log2)2 

m,r>Q ^ ' 

= -2 hm J2 + ^ - 4(log2)2 = ^ - 4(log2)2 . (2.31) 

m,r>0 V ' yv J 
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coincides with our result ( |2.29|) . Although it looks that these two Lagrangians were 



obtained in different regularization schemes, in fact these two regularizations turn 
out to be the same : the renormalization used in the a model approach |jl3| was 



T = Tfj+a' \oged^d^f^, + \a''^{\ogeY{d^d^^YTji+- ■ ■ with the regularized propagator 
( 2.16 ), which coincides with the expansion of our regularization ( p.lTp . Therefore we 



find Tr = Tr up to the present order of the derivatives.^ 

Furthermore, we note that our result ( |2.29| ) is consistent also with the "usual" 
BSFT action 

S = T [dx e-^V(2aOT9^T) , T{x) = x^^^f^ = l + 2{\og2)x+0{x'^) , (2.32) 

which was obtained |^ by an exact evaluation of the path-integral with a linear 
tachyon profile T = a + u^X^. Therefore, these different actions (|2.23|) , (|2.3CI| ) and 



( p.32|) are different expansions of the unique BSFT action which contains correct 
physical quantities: the tachyon mass, the tachyon potential an so on. 

To consider the rolling tachyon solution [^, |T^ in the obtained BSFT action 
( |2.23|) is interesting. We will study it in appendix There we show that a half S- 
brane marginal deformation of a conformal field theory |^ is actually a solution of 



our equation of motion with an infinite number of derivatives, preserving the energy 
while the pressure gradually decreases. 

It is noteworthy that for the rolling tachyon solutions we should consider local 
quantities, such as the Lagrangian density L or energy momentum tensor, instead of 
the integrated values such as the action S = j dx L ^7\, |18[ . This is because in the 



latter case the actual action is divergent. It follows that we can not use any partial 
integration or momentum conservation relations because the integration is divergent 
for such configuration. Therefore the Lagrangian density should be sensible. Indeed, 
our analysis above in getting the Lagrangian has not used the partial integration or 
the momentum conservation relation. 

2.4 Gauge field two-point function 

The two-point function of the massless gauge fields can be obtained in the same man- 
ner. The boundary interaction for the gauge field is ( |2.4| ), and written in component 
fields as 



dr ldk[a^{k)X^e'^''^'' -2f^,{k)e'^^^"ij^i)'') . (2.33) 



Here a^{k) is the momentum representation of the target space gauge field, and 
f^y{k) = ik^ttuik) — ikytt^ik) is that of the field strength. Note that the same action 

§Note that a change of a renormahzation constant, hke in ||^, corresponds to a field redefi- 
nition T ^ e"^ T = T + cd'^T + - ■ ■ . This gives an extra factor e^^'^ to Z'-^\ which docs not change 
the on-sheU condition. Thus it is clearly unphysical. 



is used for the gauge fields in a BPS D-brane, a non-BPS D-brane and a brane-anti- 
brane; the following consideration is applicable to any D-brane system. Let us define 
the renormalized gauge field for the boundary action to be well-defined, 

Ib = -i f dr jdk {a^,{k)X^^ : e^^"^"^ : -2f^^,{k) : e^'^-^" : , (2-34) 

where 

= aR^exp [2(loge)fc^fc'^] , A^{X) = exp [-2(loge)9^9^] Ar^(x) . (2.35) 

Making the operator X^ normal-ordered with : e'^'^'^ : may produce an additional 
term, 

dTdTidT2{Xf{n)X''{r2))^6{ri-T)6{T2-T)7]^'Ptk'' : e"'-^ : . (2.36) 

However, this last expression vanishes with careful treatment with the regularized 
propagator (|2.16|) . The fermion self-contraction ip'^ip'^— : ip^ip^ : vanishes by the 
same reason.^ So the well-defined boundary interaction for the renormalized gauge 
field (Ipl) is given by ( ^1341) . 

Expanding (|2.35| ) to the leading nontrivial order in fc, we obtain 

ap{k) = anp{k) + 2k\log e)aKp{k) . (2.37) 

Field redefinitions of which is of the form of a total derivative in the boundary 
action is still allowed, thus we may add a term to get 

ap{k) = aTXp{k) + 2A;^(loge)aRp(A;) - 2k''kp(loge)aR^{k) 

= a^pik) - 2ir{\oge)h,p{k) . (2.38) 

This is the form which has been often used in the a model approach, see [13|. So 
our renormalization is the same as that of the a model. 

We would like to evaluate the two-point function of the boundary coupling (|2.34| ), 
/ ^^(/b/b), with use of the boundary propagators (p.l2|) . A straightforward calcu- 
lation shows 

(/B/B)/27r 

kkrdk2 aKpik,)aKuik2) j dr (^-£^+Ak!^k'( cot^ (: e^'^'' {r) :: e^^^^(O) :> 

dhdk2 fKpAki)hpa{k2) dr ' ' . ' {: e*^^^(r) :: e*'=^^(0) :) . 

J L Sin 2 



^Whcn there is a background constant field strength, these are non-vanishmg. See appendix 
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The remaining correlator is just (|2.20|) , so the integration over r can be performed 
and finally gives 



(Jb/b) = -An'/'jdhdh /RM.(A;i)/r(^2)(l-4fci ■ h 



T{2ki-k2-l/2) 



i{ki+k2)x2^ki-k2 



T{2ki ■ k2 + l 
= Sn^/^jdk.dk, Mh)f^'^{h)^^^^:^^ 

= %^F^,,{x) [l + ^(9" ■ 'df + 0{Cd- 'df)^ . (2.39) 

This incidentally reproduces the well-known fact that the derivative correction of 
the form {d^fupf can have a vanishing coefficient for an appropriate choice of the 
renormalization condition in the a model approach. The terms higher order in y can 
also be put to be zero by a field redefinition since we are dealing with just the two- 
point function. The situation becomes more nontrivial in a constant field strength 
background in which one can compare more terms with the results obtained in the 
other approaches, including string scattering amplitudes. For details see appendix 

E 

In the present case the gauge invariance ensures that the mass-shell condition 
is just as expected, fc^ = 0. Indeed, if we take the Lorentz gauge ■ = or add 
an appropriate gauge fixing term to the action (like the ^ = 1 (Feynman or Fermi) 
gauge), and use a partial integration, we can easily show 

(Jb/b) = Sn'/'' jdk^dk2 e'^^^^^^>a^^{k,)a^^{k2)Z'^,^^{2k^ ■ k^) , (2.40) 

where the kinetic operator is defined as 

4aU(y) - ^^'^^^^y^^'^^ = v^^(i + <^iy")) ' (2-41) 

which has a zero at y = —2k'^ = 0. The kinetic operator is regular for y > —1/2 
while for negative y there appears periodically zeros and poles. Its similarity to the 
tachyon kinetic operator (|2.22|) is obvious. In fact, this structure appears commonly 



for all the open string excitations as we shall see below for the massive cases. General 
discussions on this structure will be given in section ^. 

2.5 Massive field two-point functions 

Now it is clear that one can follow the same procedures to get two-point functions 
also for the massive excitations. Although the boundary couplings representing the 
massive excitations are generically non-renormalizable especially when seen in Taylor 
(derivative) expansions of the boundary couplings, in the normal-ordered plane-wave 
basis the dimension of the boundary couplings can be chosen to be normalizable 
for appropriate values of the off-shell momenta. Then the result can be analytically 
continued to give information even around the on-shell momentum. 
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2.5.1 First massive state on non-BPS brane 

We explicitly show how this mechanism works for the first massive state in a non- 
BPS D9-brane. The usual quantization on the worldsheet theory results in a single 
massive antisymmetric two-form field B[^^]( physical spectrum. The mass 

squared is l/2a' and the field is subject to the constraint d'^'B^^^x) = 0. In this 
subsection we reproduce this result in the BSFT. 

In writing the most general boundary couplings, we need a single T and two Dq 
so that the coupling represents a consistent GSO parity and the mass level: 



drdO 



-De-X^E^{X)DeT + F^{X)DeDeT 



(2.42) 



We can use a partial integration to put E^^ = F = 0, noting that the total derivative 
vanishes, 

j drde De [*] = . (2.43) 

The resultant Lagrangian has the following gauge symmetry: 

5B'^, = d^K~d,K^ , 5C^ = 2A^, 5T = -DeX''K. (2.44) 

Note that here for this transformation to be a symmetry we ignored CA and -BA. 
This is justified when we use the normal ordering for the fields and also for the 
gauge transformation parameter A, as in ( |2.19 ). Then, if we use the gauge invariant 



combination B^y = B'^^ — \{d^Cy — di,C^) instead of B' , the field drops out in 
the action after an appropriate change of V. Indeed, can be trivially gauge away 
and this is an analogue of the Higgs mechanism in the massive sector. Then what 
we should consider at this level is just 



j drde [Z}eX^Z}eX'^5^,(X)r] 



(2.45) 



Note that because F transforms by the gauge transformation, the space-time fields 
which correspond to the GSO odd sector, for example the tachyon, should appear 
in the gauge transformation law for fields in the GSO even sector. However, these 
fields come into the transformation as products with A, therefore it vanishes for 
appropriate momentum region (as in ( |2.19| )) and we can neglect this mixing effect in 
our analytic continuation method at least in the two-point functions. 

Let us consider the two-point function of the resultant coupling B. We de- 
compose the fields into component fields with use of ( p.3|) , (p.5|) and (|2.6| ). Then, 
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after integrating out the auxiliary field F, we obtain the following expression for the 
boundary coupling of the field B{x) : 

lB = 2tj dr [(2X'^rB^AX) - 4^^rrdpB^,{X)^ r/] . (2.46) 

Our regularization principle is to use the normal ordering for the Fourier transform 
of the fields, 

B^,iX) = Jdkbn,Ak):e"'-'' : . (2.47) 
A straightforward calculation shows that 

(Jb/b) = /'dfcdfce-(^+^)-"327r3/^2^^-^ r{2k-k) 

J T{2k-k + l/2) 

{2k- k- l/2)b^^,{k)b'^'(k) - 4P6R^,(fc)fcp6g^(fc)] . (2.48) 

The equations of motion are solved by 

{2^ + 1/2)V,(A;) = 0, P6r^.(A;) = . (2.49) 

The first equation is the mass-shell condition k'^ = —1/4, while the latter equation 
is a constraint for the 6r^i, field. These are identical with the worldsheet derivation 
of the spectrum, thus we have confirmed that our analytic continuation method in 
the BSFT provides a consistent on-shell information even for massive fields. The 
number of the physical degrees of freedom is 

^d{d - 1) - {d - 1) = ^{d - l){d - 2). (2.50) 

Note that the constraints give —{d — 1) since a constraint k^h-R^^f) does not have fco 
component, i.e. a time derivative, and k^ ik^hs^^yik)) = trivially. So, one of the 
constraint is not a dynamical one. 

The kinetic term ( |2.48| ) has a pole at fc^ = 0. Therefore it is not well-defined at 
the zero momentum. This would be related to the fact that the massive modes are 
non-renormalizable in the Taylor (derivative) expansion of the boundary coupling, 
since the Taylor expansion is by definition around the zero momentum. 

2.5.2 First massive state on BPS D-brane 

Let us consider the first massive state on a BPS D-brane. Boundary couplings at 
this level are composed of three super-derivatives, so we may write down the general 
couplings as 

Jb = Jdrde [D,X'^DeX'^D,X%,,(X) + D2xa'Z),X'^1^^,(X) + Dl:^^S^{-X)] (2.51) 
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Due to the fermionic nature of Dq'K'^, the indices of the field V^,yp are totally- 
antisymmetric. This system has the following two gauge symmetries, 

(a) 5V^,, = ^9[,Ah(X) , 6W,,, = Ap,(X) , (2.52) 

(b) 5W^, = d,A^{X) , 6S^ = A^(X) . (2.53) 

Since the indices of the field V are antisymmetric, A^j, in (a) is also antisymmetric in 
its indices. Thus we can gauge away the antisymmetric part of the tensor field W^j,^. 
Using the second gauge symmetry (b), we may gauge away the field S"^. Remaining 
fields are the antisymmetric V^^p and the symmetric part of PV^^. 

In this subsection, we concentrate on the symmetric field VF^i, and shall derive 
its mass-shell condition by computing its two-point function in the BSFT. (It is 
easy to find that there is no mixing term among V and W at the level of two-point 
functions, due to their symmetry property on the indices.) The result should recover 
the mass-shell condition obtained by the old covariant quantization technique for 
open superstrings, 

A;' = , d'^W^.ix) = , iy/(x) = . (2.54) 

That is, the on-shell degrees of freedom of the symmetric tensor field W^iy are traceless 
and transverse to the momentum, and their mass squared is 1/a'. 

The component expression of the boundary coupling is obtained from the super- 
field expression ( p.51| ) as 



dr 



AX'^rrdpWp^iX) + {X^X^ - Arr)Wp,{X)^ . (2.55) 
We expand the field in the plane-wave basis as before, 

W^,{X) = Idk «;p.(A;)e*^ = I dk WK^,{k) : e^'^'^ : . (2.56) 



The renormalization due to the normal ordering for the plane wave basis was done 
with the regularized propagator in the same manner, 

^M-(A:) = e2'='i°s%R,^,(A;) . (2.57) 

However, necessary renormalization is not only this, in contrast to the case of the 
massless states. Contractions appearing in a part of the boundary couplings generate 
a finite additional term, since 



X^'X" - 4^^*^^ = : Xf'X" : -4 : ^^^''^ : +V 



1 cosh(e/2) 



sinh^(e/2) sinh^(e/2) 



X^X"^ : -4 : ^/'^'^ : --7]^"" (as e ^ 0) (2.5^ 
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The cancellation of the divergences here is due to the supersymmetry,!' but there 
remains a finite constant. Because the contractions {XX) is vanishing, there ap- 
pears no additional term. We obtain a well-defined boundary couplings with normal 
ordered operators, 



Jb = jdrjdk wjif^uik) 



Aikp : X^^i^^^Pe'^-^ : 



+ : X^'X''e'^■^ : -4 : ^'^V'V^'^: —V^" ■ ^'^'^ ■ 



. (2.59) 



The presence of the last term is quite unpleasant: this results in the non- vanishing 
one-point function, since 

(Jb) = Idk w^^^{k) . (2.60) 

The non-zero one-point function immediately means that the vacuum we have chosen 
is not really a vacuum. However, it is quite unlikely that zero vacuum expectation 
value for all the excitations is not a consistent open string vacuum. Then what 
is wrong** with this? Our standpoint on this point in this paper is that the one- 
point function should be put to zero from the first place — there are several natural 
reasons to believe in this prescription. First, if we closely look at the old covariant 
quantization, the traceless condition w^^P" = appears as a physical state condition 
stemming from a supersymmetry generator G3/2 which does not include Lapracian, 
and this suggests that the traceless condition does not come out as a consequence 
of the equation of motion of the BSFT. Secondly, let us consider a corresponding 
procedure in the /9-function method in string a models. In that method, one regards 
a divergence coming from Wick contractions of higher operators as an equation of 
motion for the coefficient fields of the remaining operators. In other words, this is 
a renormalization in the boundary theory. However, in the present case, there is no 
coefficient field of just : e*'^ "^ : to renormalize the possibly divergent quantity. That 
is, the coefficient of : e^'''^ : should be put to be zero in the /3-function method, 
rather than to be renormalized. In fact, correspondingly to this observation, there 
is no way to write the : e'^^'^ : term in a supersymmetric manner, so the term of our 
concern in the boundary coupling would cause a problem unless put to be zero. 

Thus we proceed with assuming the traceless condition w^^'^ = 0. The two-point 



"strictly speaking, the boundary condition of the NS sector we are considering breaks the su- 
persymmetry 

**In a possibihty of cancellation with a higher level boundary term was discussed, but it 
may not help the cancellation of one-point functions of the whole coupling space. 
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function is calculated as 



{hh) = dkdk e'^'+~'>^WK^,{k)wnam^V^2 , , 

T{2k ■ k + 1) 

_8^M"^;^/3(2A; .k){2k-k-l)- 32A;^rA;"A;^ + 32A;^A; V''(2A; ■ A;) 



X 



+77'^^r/"'^(2A; ■ A; - 1/2) + 4(A;^A;V^ + r]^"'k''k'^) 



(2.61) 



The equations of motion follows as 
T{-2e - 1/2) 



T(-2k^ + 11 



_8^M"^-/3(_2A;2)(-2/t=' - 1) - 32FrrA;'^ - 32Frr/'^^(-2A;') 



-2A;2 - 1/2) + 4(A;^A; + ri>"'k''k'^) 



Trivial solutions to this equation are 

2e 



1,2,3,4, 



wn^..{k) = • (2.62) 



(2.63) 



We look for nontrivial solutions of the equation ( p.62|) . We first obtain two indepen- 
dent scalar equations by multiplying k'^k^ or r]'^^ on ( p.62| ). 







-(2A;2 + 5/2)A;"A;^wr«^ = (2.64) 



r(-2A;2) "'""'^ " ' r(-2F + 1) 

Here we have used the traceless condition w-^^ = 0. With the momentum different 
from the trivial solutions ( |2.63| ), a unique solution to these equations is 

k'^k'^WRafs = . (2.65) 
Multiplying k°' on (|2.62|) , we obtain 

^^7^^'~^^^^ =0 or k''wna3 = 0. (2.66) 

When k"^ = —1/2 which solves the first equation, we substitute it back to (|2.62|) and 
obtain k^'wua/B = 0. (However when k^ = there appears no additional constraint.) 
On the other hand, when the second equation k'^wnais = is satisfied, substituting 
back it into ( |2.62| ), we obtain k"^ = —1/2, 0, 1/2, 1, ■ ■ ■ . So, in sum, we obtain two 
nontrivial solutions: 

1 



or 



k'^WR, 
k^k'^ 



0, k' = -- 



2 ' 
. 



(2.67) 



■wnaf3 = = 0, k' = . (2.68) 

Therefore the solutions of ( ^.62| ), different from the trivial solutions ( |2.63| ), are ( ^.67| ) 
or ( |2.68| ). The first solution ( |2.67D which is the one with the lowest k"^ recovers the 
result of the old covariant quantization ( p.54| ). (Note that in the previous cases with 
lower levels, there similarly appears the additional zeros in the kinetic functions, and 
the true mass-shell conditions reproducing correctly the worldsheet spectra is the 
one with the lowest k"^.) 
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3. Interaction in BSFT 



— three-point function 



Although the two-point functions themselves exhibit interesting structures, for our 
BSFT to be a field theory, study of nontrivial interactions is indispensable. In this 
section we compute a three-point function explicitly. We consider only the gauge 
fields and the tachyon fields for simplicity. For these fields, the three-point function 
appears in a brane-anti-brane, while there is no three-point interaction for a BPS or 
a non-BPS D-brane. This follows from the GSO parity and the symmetry r ^ — r 
in the partition function. The simplest possibility which one might expect in the 
brane-anti-brane is the A^/T^TT three-point function, since it might arise as a part 
of the covariant derivative of the complex tachyon kinetic term D^TD^T. In this 
section, we shall see this in detail. 

As for the boundary couplings of tachyon and massless gauge fields on the brane- 



anti-brane, we follow the notation of |13|. The boundary interaction terms written 



in component fields after integration of the auxiliary fields are 

Jb = dr ry]XM(-)(X) - t% r,]rV F';^,\X) + t^r)rD,T{X) 

-^^rvD,T{X) - i-T(X)T(X) + ^XM(+)(X) - #^^^F(+)(X) . (3.1) 

The gauge fields A^"^^ are (plus or minus) linear combinations of the U{1) gauge 
fields living on two D-branes, A^^'^ = A^f}'' ± A^^\ The complex tachyon field is 
charged under only the gauge group of A^~\ and the covariant derivative is defined 
as Dfj^T = dfj,T — iAli ^T. We define the operator fields in terms of the normal-ordered 
Fourier transform as before (in the following, for simplicity we omit the subscript 
"R" which denotes the renormalized fields), 

T{X) = jdkt{k) -.e'^-^: , T{X) = jdkt{k):e'^-^: , (3.2) 

A^{X) = jdk a^{k) : e'^-"": , F^,(X) = jdk f^,{k) : e'^^'^: . (3.3) 

Note that we defined t{k) = t*{—k). With this renormalized fields, for example the 
term TT in ( p.l|) vanishes in an appropriate region of the momenta, by the same rea- 
son as ( p.l9|) in the non-BPS case. When the momenta are chosen appropriately, any 



operator product at the same worldsheet point always vanishes, thus the covariant 
derivatives appearing in {^A\) can be replaced by just the ordinary derivative. 



D^T{X) = d,T{X) , D^T{X) = d,T{X) . (3.4) 
So their Fourier transforms are 

D^J{x) = jdk e'^-''ik^ t{k) , D^T{x) = j dk e^'^'^'ik^ t{k) . (3.5) 
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The propagator for r) and r) is analogous to ( |2.13|) , 



{ri{T)r]{T')) = -e(r - r 



1 sin(r/2) 
2|sin(r/2)| ' 



(3.6) 



The computation of the complex tachyon two-point function goes precisely as 
before, to give 



T{2ki ■ k2 + 1/2) • 



(3.7) 



The kinetic function is Z^'^\y) ( |2.22| ). Expansion for small momenta, 2/ ~ 0, coincides 
with the action obtained in |T^. 

3.1 Three-point function in brane-anti-brane 

It is easy to see that the following three-point functions vanish because some of the 
fermionic boundary operators do not have their counterpart to be contracted in Wick 
contractions. 

TTT = TTT = TTT = TTA*-^^ = TTA^'^^ = TTA^~^ = TTA^"-' = TA^^'^A^^'^ 
= TA^A^-) = TA'^-^A'^-^ = TA(+)aW = TA'-^^A^-^ = TA'^-^A^-^ = . 

Most of other three-point functions vanish due to the symmetry r — >■ — r : 

except the single one, TTA^~\ This term is expected, as mentioned earlier. To 
evaluate this TTA^~\ first we compute the contribution from the F^~^ term in ( |3.1| ). 



dndr^dr; -:f]i;>'D^Tin):{ -i^j - | : V^^r/D.^rs) : {-i):[r),7^]rr F^aKr-i): ^ 
-2i 



IT 



dk^dk2dk^e'^^'+''^+^^y-l{k^),t{k^)l{k2)Ak2)fpa{h) 

X j dndr^dn (: #^e''^-^(ri) :: V^V''''^(^2) :: [ri,r]\rre''''-^{n) : 
^ /ciA;iciA;2ciA;3e*('^^+'^+'«)-"2^('=i-''2+^+2-'=3+fc3-fci)(^p^- _ k'^kl)t{ki)t{k2) f pa{k^) 

X / dTidT2dT3 





4fci-fc2 


. ^23 


4fc2-fc3~l 


. ^3 


4fci-fc3-l 


sm — 




sm — 




sm — 




2 




2 




2 





TT 



i27rf dk^dk2dk,e"^'''+'''+''>^{k1k^ - k'2ki)t{ki)t{k2)fp.iks) 



xl{2ki ■ k2, 2k2 ■ ks - 1/2, 2kik3 - 1/2) . 



(3.^ 
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The integral / was obtained in [|ri[] , 



1(01,02,03) 



27r 



dTidT2dT^ 



2 sm — 
2 



2a 1 



2 sm — 
2 



2a2 



2 sm — 
2 



(2vr)3 

r(oi + 02 + 03)r(i + 2oi)r(i + 2o2)r(i + 203 



2a3 



r(i + oi)r(i + 02)r(i + 03)r(i + oi + 02)r(i + 01 + 03)r(i + 02 + 03) 

22(ai+a2+a3) r(a^ + + a^)T{ai + l/2)r(o2 + l/2)r(o3 + 1/2) 



r(i + oi + 02)r(i + oi + 03)1(1 + 02 + 03) 

The term coming from A*^") in (|3.1|) can be evaluated in the same manner. 



(3.9) 



— j dfcidfc2C^fc3e^('^+'^+'=^)-"2(A;i)^t(A;i)z(fc2) J(fc2)ap(fc3) 

X [ dr.dT.dr, (: r]re'''-^{n) :: ^V^'=-^(r2) :: [^vjX^e''^-'^ (r,) : 



— / dkidk2dhe'^^'^^^-^^'''^-''ki ■ k2t{ki)t{k2)ap{k^)2^^^^-''^+^''-^''+^^-^''^ 
2n J 



. ri2 
sm — 
2 



4A;rfc2-2 



sm 



T23 



4A;2-A:3-1 



sm- 



X J dTidT2dT3 

^ /,p . ^23 Tis . T12 p . m T23 . 

X Ki sm — cos — sm h k^ sm — cos — sm 

V ^ 2 2 2 ^2 2 



4fci-A:3-l 



^13 T23 ^ 

2 

To evaluate the last part, we use the following identity 



(3.10) 



sin A sin B cos C 

= i [- cos{A+B-C) + cos{-A+B+C) + cos{A-B + C) - cos(A+E + C)] . 
Then the last integral can be performed to give 

2{2nY j dkidk2dk3 e*(^'^+'=2+^'«>^A;i ■ M(fci)t(A;2) 

X [k, ■ aiks)i-h -I2 + h) - (ki ^ k2)] , (3.11) 

where 

h = / (a,/?-^,7-0 ,/2 = / (a-1,/3+^,7-0 , /3 = / (a-1, 7+^ 

and a = 2ki ■ k2, (3 = 2k2 ■ A;3, 7 = 2ki ■ k^. 

Summing up ( pISl) and ( p.llj ), we obtain the full three-point function, 



dkidk2dk3 e'^^^+^^+^'^-''t{ki)t{k2) ■ 0(^3) + 7/^2 ■ 0(^3)] C 



dkidk2dk3 e'^^'+^^+^''^-H{ki)t{k2) 

[(/5 - 7)^:3 ■ a{k3) - (/3 + 7)(A:i - ^^2) ■ 0(^:3)] C 



(3.12) 
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where 

_ V^2^ W^+V^)r(a + /3 + 7 + l)T{a + l/2)r(/3)r(7) 

r(a + /5 + l/2)r(a + 7 + l/2)r(/5 + 7 + l) ' ^ 

In the Lorentz gauge ■ a{k^) = 0, the three-point function becomes a rather simple 
form: 

dk,dk,dk, e-(^^+^^+^3)■.,(fc^)^(fe^)(fe^^^)^(fe3)^^ ^(E a. + l)n 4"'r(a.) ^ ^^^^^^ 

2 lL<jr(ai + aj) 

where ai = a + 1/2, 02 = and 0:3 = 7. 

3.2 Exact coincidence with derivative-expanded BSFT 

As noted before, the three-point function TTA^~^ is expected to arise naturally as a 
part of the tachyon kinetic term with the covariant derivative, D^TD^J^. This is the 
usual picture considered in ||T^, while in our case, the covariant derivatives appearing 
in the boundary interaction vanish due to our normal ordering, ( p.5| ). In this sense, 
the origins of the TTA^'"^ three-point function are quite different, but we shall see 
in this subsection that these two methods give the same TTA'^~'> with a suitable 
field redefinition. In section ^ we have seen nontrivial coincidence on the tachyon 
potential term in different approaches. Here is another nontrivial example. 

The tachyon two-point function TT and the three-point function TTA^''^ are 
included in the a'-expanded action obtained in [|l^ in a a model approach, 

^ = _TT + 8 \og2D;TDjT + S^oD^D.TD^DJT + Ui{\og2fF^,D^TDjT .(3.15) 

Here and in the following study we omit the suffix (— ) for simplicity, and neglect 
terms quartic (or in higher powers) in fields and also terms of 0{a'^). Relevant terms 
are expanded explicitly to give the three-point function as 

D^TDJT = d^TdJT - iA^{TdJT - d^TT) + 0{A^) , (3.16) 
D^D.TD^DjT = d^d.Td^djT - 2iA^{d,Td,d;T - d.d^TdJF) 

-i{d,A,){Td,d,T - d,d,TT) + 0{A^) , (3.17) 

F^^D^TDjT = {d,A, - d,A;)d^,TdjT + 0{A^) . (3.18) 

We go to the momentum representation of this Lagrangian for our later purpose. 

5 = T(S2 + ^3), (3.19) 

^2 = /^^/ ^^^^^'^ e^('=^+'=^)-^t(fci)t(A;2) (-1 + 81og2A;i ■ k2 + 87o(A;i ■ k2f) (3.20) 

^3 = /^^/ dkidk2dks e'^^'+^^+^''^-H{ki)t{k2) 

X [ki ■ aiks) (-8 log 2 + 87o(A;i ■ k^ + 2k^ ■ ^2) - 64(log2)2A;2 ■ ^3) 

+k2 ■ a{ks) (8 log 2 - 87o(A;2 ■ k^ + 2ki ■ k2) + 64(log2)2A;i ■ ^3)] . (3.21) 
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This Lagrangian should coincide with our BSFT Lagrangian up to a field redefinition. 
This redefinition should be in higher order in fields, since we already know that our 



tachyon two-point function coincide with that of ||T3[ without any field redefinition. 
This means that the redefinition should be of the form T T + TA. At a glance 
this redefinition looks strange, in view of that the gauge transformation on T is 
modified. However, it turns out that this is the case: in our normal-ordered plane- 
wave basis the tachyon is actually gauge- invariant, because any field multiplication 
turns out to be vanishing as in ( 2.19 ) and thus e*^T = T. (This statement should 
be understood except for global gauge transformations.) Therefore, what we need 
as a field redefinition is the one which makes the tachyon field gauge-invariant. To 
achieve this, we consider the following form of the field redefinition*: 



dk-i 



h ■ {ki 



h ■ ih - ks 



-a^,{h){ki - k^rt{k^ - fcs) + Oia") ,(3.22) 
-a^(A:3)(A;2 - k:,Yt{k2 - k^) + 0{a^) .(3.23) 



Substituting this redefinition to the above Lagrangian (p.l9|) , we obtain the following 
TTA'^~'> terms (we have redefined the momenta as ki — k^ ki and so on so that all 
the fields have common arguments) 



dkidk2dk3 e''^^'-^''^+'''^-%ki)t{k2) 

ki ■ a(A;3)|-81og2 + 87o(A;i ■ k^ + 2k^ ■ k2) - QA{\og2fk2 ■ k^ 

+ ^^(-1 - 81og2(A;i + k^) ■ k2 + 87o((A;i + k^) ■ k2f)\ 
+k2 ■ a(A;3)|81og2 - 870(^2 ■ A;3 + 2ki ■ fcs) + U{\og2fki ■ k^ 



k, 



-i-(-l - 81og2(A;2 + k^) ■ k, + S^oiih + k,) ■ k,)^)} 



. (3.24) 



On the other hand, in terms of small momenta we Laurent-expand C (|3.13| ) in 
our BSFT Lagrangian and obtain 



C 



1 



3/?7 



[6 + 121og4(a + /3 + 7) 



+12(log4)2(« + /5 + 7)2-7r2((« + /5 + 7)2-2/?7) + 0(fc6)] . (3.25) 



Substituting this expression to the three-point function ( p.l2| ), one can see exact 
coincidence with the one obtained by the field redefinition of the results of 

(Pi- 



* There are other forms satisfying our requirement of the change of the gauge transformation, 
but ( 3.22| ) and ( 3.23| ) turn out to be the correct one. 
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3.3 Reproduction of string scattering amplitude 

In this subsection, we shall see that our three-point function reproduces string scat- 
tering amplitude at the on-shell momenta. This is a very important check for our 
claim that the BSFT evaluated with the analytic continuation gives consistent per- 
turbative string theory information, not only the mass-shell conditions. 

First we study the value of the three-point function when all the external mo- 
menta are set to their on-shell values. The on-shell values of the Lorentz-invariant 
momentum parameters are 

a = -1/2, /5 = 7 = . (3.26) 

We expand the momenta around their on-shell values, ai{= a + 1/2), a2(= P), a3(= 
7) -C 1. The expansion leads 

C = , (^1±M^1±^ + oia.) . (3.27) 

This term gives indefinite result for the on-shell value of the three-point function — 
the value depends on how one takes the limit to the on-shell momenta. Even worse, 
the expression may diverge in some limit, for example, 02 ~ as ~ e^, ai ~ e, e — 0. 
However, we can subtract a part of this term by a field redefinition of the tachyon, 
to make it definite. The redefinition for the tachyon is of the form same as that of 
the previous subsection. After subtracting these indefinite terms, we arrive at an 
expression which is irrelevant on how is the limit to the on-shell momenta. 

Let us see this in detail. The above limiting behavior in C results in the three- 
point function in the Lorentz gauge as 

dkidk2dh e'^^^^^^^^-'^-H{ki)t{k2) 

x — {ki-k2)-a{k^y + . (3.28) 

2 aia2as 

The indefinite part can be cast into the form 

(ai + a2)(ai + a^){a2 + as) _ai + a2 ^ a\ as ^ a2 + as _^ ^ (3 29) 



(Xi<y2<^3 as a2 ai 

The first term can be eliminated by a field redefinition of the form similar to ( p.22| ) 
and the second by ( |3.23D , while the third one can be eliminated by a field redefinition 



of the gauge field of the form 

a^iks) ^ a^(fcs) + [ dk —Jp^^}-—t{ks - k)i{k) (3.30) 
J 4fc • (fcs - fc) + 1 

where / is chosen in such a way that the resulting term coming out of the gauge 
kinetic term can eliminate the third term in (|3.29| ). (The denominator corresponds 
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to the factor The last term in (|3.29|) is remaining and cannot be absorbed 

into the field redefinition, because any redefinition should not be singular at on-shell 
momenta and so for example a redefinition — + J 012+03 '^m^ ^'^^ allowed 
{a2 + 0:3 = —2kl is included in the kinetic term). Thus the on-shell three-point 
function reads with the last term in (|3.29|) as 



L3 = 2TD9iV|iV^( 



dhdk2dh e^('=i+'=2+'=3)-^t(A;i)t(A;2) (h - k2Ya^~\h) . (3.31) 



Here 27d9 is the tension of the brane-anti-brane, and we have newly included the 
normalization factors for the tachyon and the gauge field and A^^ respectively 
in the boundary coupling: T{x) NtT{x), A^t^ NAAlt\ We have put Nt = 
Na = 1 in the calculations so far, but we need these hereafter to compare our result 
with a string scattering amplitude. The normalization factors Nt^a can be fixed by 
requiring the canonical normalization for the kinetic term (two-point functions). The 
tachyon kinetic term can be expanded as (see (|2.26|) ) 













■ 






t ■'d -- 






4_ 


4_ 





(3.32) 



Thus, up to a higher order field redefinition of the form 

t{k) ^{l + O {{e + l/Af)) t{k) , (3.33) 
the canonical normalization of the kinetic term (L = \d^^T\'^ — ||Tp) implies 



27i)9A^|7r = 1 . 



(3.34) 



In the same manner, we obtain the gauge two-point function for the present brane- 
anti-brane case^ 



2rD9- (/b(A(-))/b(A(-))> = 2rD9iVl7r^F(;)(a;)F(-)^^(a;) 



-|- (higher derivatives) 



(3.35) 



with a similar expression also for A^^^^ . This gives the following normalization relation 



so 



that L = HFl^'Jy + \{Fli'Jy is achieved,* 



(2)n2 



2rD9iVl7r2 



(3.36) 



*It is noteworthy that the same field redefinition simultaneously removes the divergence of the 



three-point function at zero momenta, because the field redefinition of the gauge field (3.30) is 
regular at the vanishing momenta. 

^To obtain the expression (|3.35[), we have to multiply (:?7?7(ti) : ■.r]ri{T2) :) = 1/4 on the previous 



result for the BPS D-brane (|2.39| ). The resultant normalization in ( 3.35 ) coincides with the result 
of the cr model calculation in [ p^ . 

^We have implicitly used the same normalizations for and A^^\ because otherwise these 
canonical kinetic terms for A^^'^'> would not be achieved. 
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Since we know the tension of the D9-brane, the normahzations and A^^ are 
completely fixed^ from ( 3.34| ) and ( 3.36| ), and thus the normalization of the three- 
point function (|3.31|) is determined. 

We may compare this normalized three-point function (p.31|) with the known 
tree-level string scattering amplitude 



(3.37) 



where ^ is the polarization of the gauge field \ and e is the open string coupling 
defined in [Q. We can deduce 



Na 



(3.38) 



by just looking at the structure of the covariant derivatives in ours and In [p^] , 
the constant Wilson line was introduced as a background which shifts the tachyon 
momentum as — eA^ ^ while in our case the change of the normalization of 
the gauge field A^^^ A^^A^T'' gives rise to the change of the covariant derivative to 
— iNaAIi, \ Substituting this relation ( p. 3^ ) and the tachyon normalization ( p.34| ) 
into our three-point function (|3.31| ), we find the exact reproduction of the scattering 
amplitude ( p.37|) . Thus we conclude that the BSFT three-point function (|3.31|) in 
which the divergent part has been subtracted by a field redefinition coincides with 
the string scattering amplitude.^ 

^ Since the tension is of order l/(?opcn ~ l/ffciosed, the determined normahzations Nt,a are of 
order (/open, which is consistent. To determine the exact value of Nt,a in terms of ^open, we need 
the exphcit expression for the D-brane tension written by the open string couphng defined in our 
boundary couphngs. This can be obtained by a computation of a one- loop amplitude of an open 
string normalized in our convention and using the open-closed duality. 

^An amusing point is that a naive comparison of our boundary couplings with the string vertex 
operators gives the relation same as ( p. 3^ ). The vertex operators in the picture in [ p3| were 



Vt = -4e c k^ip^^e 



Ik-X 



-{ai±i(j2) , 



VA = iec (^X" - AiiP^'k^iP" 



ik-X 



-(o-o ±CT3) , 



(3.39) 
(3.40) 



where c is the worldsheet ghost and the Pauh matrices ct's are Chan-Paton factors (cto = 12x2) 
Comparing these with our boundary couplings by simply dropping the ghost, we obtain 



-Nt\ - 



-4e , Na 



(3.41) 



The second relation is precisely what we learned in comparison of the covariant derivatives (that 



is, the gauge transformation laws after the field redefinition). The ratio of the relations ( 3.41 ) 



is consistent with the ratio of our results ( 3.34 ) and ( 3.36 ). Note that the normalization of the 



vertex operators ( 3.39 ) and ( 3.40 ) was fixed in by demanding the unitarity (this is the reason 
why we had to normalize our BSFT two-point function canonically, to compare our result with 
the scattering amplitude). This suggests that our BSFT is automatically unitary by construction. 
However, in this comparison of the vertex operators, it is not clear why we may simply drop the 
ghost. 



Note that in the bosonic case [jTO| the tachyon three-point function with on- 
shell momenta was evaluated by taking the hmit symmetric under the momentum 
exchange among the three tachyons. However, with a careful evaluation, this turns 
out to be unnecessary - one can in fact show that the three-point function given in 
[pj]] is free of indefiniteness around the on-shell momenta. So the value of the bosonic 
tachyon three-point function does not depend on how one takes the on-shell limit, 
and is definite without any field-redefinition. 

Second, let us see what happens to the three-point functions when one of the 
fields is set to their on-shell values. When the tachyon T (or T) is on-shell and thus 
tti + os = (or ai + a2 = respectively), the factor C vanishes and so the three-point 
function disappears. When the gauge field is on-shell (a2 + «3 = and /c3-a(A;3) = 0), 
although C is non-vanishing, the coefficient in front of C in (|3.12|) vanishes. Therefore, 
when one of the three outer legs is on-shell, the three-point function vanishes. This 
results in the vanishing of on-shell one-particle-reducible diagrams, when we treat the 
BSFT action as a field theory action and perform the usual Feynman rule for getting 
higher point functions. In fact, although the propagator connecting the vertices is 
diverging at the on-shell momentum, it is not powerful enough to cancel the vanishing 
of the on-shell vertices connected to two boundary points of the propagator in the 
Feynman graph. This is quite satisfactory since, as mentioned in the introduction, 
the BSFT action Sbsft = Z already includes the vertices which reproduce the on- 
shell tree level S-matrix 0, and one-particle-reducible Feynman graphs generated 
by lower vertices should vanish." 



4. Generalities — minimum length in string theory 

In this section we consider general properties of the super BSFT action. If we look at 
the structure of the worldsheet boundary integral, it is easy to notice that for massive 
fields with the mass-shell condition k"^ = — (A^ — 1)/2q;', the integral is convergent for 

2ak-k>N, (4.1) 

where is the oscillator level of the open string excitations. In our boundary cou- 
plings, is the number of the derivative Dg. This can be seen in the the dimensions 
of the corresponding operators. So, for two-point functions in BSFT, there is a region 
for the momentum where the integral over the worldsheet boundary is well-defined 
and finite. This is interesting in view of the fact that usually in BSFT the mas- 
sive excitations are believed not to be treatable because they are non-renormalizable 



operators. This convergent region (|4.1| ) of the momentum can apply also for three- 



or more point functions, since the divergence appears only when two of the vertices 



"The paper ]lO|] considered a bosonic case in which there are corrections containing the beta 
fmiction to the relation S'bsft = Z. In our superstring case, there is no such correction. 
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collide to each other. Therefore, if any pair of the momenta satisfies (|4.1| ) the integral 
is finite. Then we can use the analytic continuation to obtain the BSFT action for 
any momenta. 

However, there are many singularities in the momentum space. For massive 
excitations, the two-point functions are expected to have the following form: 

r(y + (i-iv)/2) ' ^ ^ 

where y = —a' d ■ d = —a'k"^. All of our BSFT results are of this form** — the 
tachyon (A^ = 0) Z^'^\y) is exactly above, and the gauge field {N = 1) kinetic 
function takes this form in the Lorentz gauge k^a^^ = 0, which is also the case for the 
massive fields. From this expression, we observe that there is a common structure 
in the kinetic term of the open string excitations — an infinite number of poles and 
zeros appear in the tachyonic region (A;^ > 0) in the kinetic operator Z^'^\ For the 
tachyon, see Fig. |1]. Note that for k"^ > —{N — l)/2a' the operator with the level 
is irrelevant and the first pole is found at /c^ = — (A^ — 2)/2a'. This means that we 
can make an analytic continuation of the two-point function Z^'^^ to the inside of the 
irrelevant region until hitting the pole. 

This quite intriguing pole/zero structure might suggest a minimum length in 
space which can be observed by fundamental strings. Let us regard the BSFT action 
as an off-shell generalization of the tree level S-matrix generating effective action as 
in [^. Near the on-shell momentum k, we may try to redefine the fields so that 
they have canonically normalized kinetic terms. For example, the redefinition of 



the gauge field should be A'^ = {Z^nge{a'd'^)Y/'^A^. However, Z^nge{y) (CT) has 



a singularity at y = —1/2. Moreover, it changes the sign when we go over the 
singularity, which implies that the field redefinition becomes imaginary, then is not 
allowed. Therefore we might have to restrict the region of the momentum k in order to 
avoid the singularity,^^ at least if we naively interpret the two-point functions, derived 
by using a coordinate system of the space of the boundary couplings (spacetime fields) 
suggested in BSFT. The introduction of the upper-bound for the momentum k"^, 
somewhat like a Briroinn zone, implies that the space becomes effectively discretized 
with the scale ^/a', that is, the string length. One can interpret this as a spacetime 
resolution, or rather to say, the minimum length in string theory. 

On the other hand, one can in principle compute the effective action using cubic 
string filed theory ||^ at least for the bosonic case. This should coincide with our 
BSFT action upto field redefinition ambiguities. For on-shell fields, these two are 



considered to be the same as described in [11 for bosonic three-point tachyons and 



**For a related discussion, see |10| . 

t^Here we assume our analytic continuation is valid. We note that the tachyon kink solution 
T ~ Mg^^, for example, has an expression = iug-^S{k) in the momentum space, which is 
within the allowed momentum region even though it is an off-shell configuration. 
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as agrgued in . The problem is, as mentioned above, that the field redefition used 
for relating Z^'^^ to the standard kinetic terms in the cubic string field theory does 
not exist at and beyond the singularity of Z^'^\ Furthermore, if we remember the 
Witten-Shatashvili formula {S/6gi)SBSFT ~ P^Gij (where is the beta function 
for the boundary coupling (spacetime field) gi, and is the metric of the space of 
the couplings) and ~ (fc^ + (A^ — l)/2a'), we find that the extra poles and zeros 



are coming from the metric Gij as was pointed out in ||rT[. This indicates that the 
problem is not only for the kinetic terms, but a more general one. 

One possible resolution is that the cubic string field theory may also have the 
restriction on the momentum for some reason. However, this is not likely because 
non-singular field redefinition does not relate interaction terms to the kinetic term at 
tree level. Another possibility is that the coordinate system of the BSFT is singular 
at the singularity though the physics is not singular and we should use another 
appropriate coordinate system of the space of the boundary couplings beyond the 
singularity. Since the fields of the BSFT is in some sense natural, it is reasonable 
to expect that the singularity of the coordinate system means some peculiar physics 
appearing there, like the example of the noncommutative soliton discussed by Sen 



. Hence the singularity of the space of the boundary couplings may refiect some 
kind of the minimum length. 

Meanwhile, let us regard the BSFT action as that of a constructive (string) field 
theory instead of taking it as an effective action. Then in this interpretation 
we would have to path-integrate the fields, which causes a serious problem for loop 
amplitudes. Although the loop amplitudes of the BSFT are known to be difficult to 
deal with and we do not have any definite answer to that, we would hke to give a 
few comments on it. The problem is that we have to perform an integration over 
the loop momenta in perturbative evaluation of the loop amplitudes. It seems that 
the momentum bound which we studied in this section is an obstacle to perform 
the loop momentum integration. Furthermore, on internal vertices, the momentum 
conservation cannot satisfy the lower bound for the momenta. To avoid this problem, 
we can decompose the propagator obtained in the BSFT as 

_ 1 y> (2n-l)!! 1 _ ly. r(n+l/2) 1 
r(y + l/2) {2n)\\ y + n ir T{n + 1) y + n ' ^'^ 

which is a sum of a massless propagator and infinitely many tachyonic propagators. 
(This formula is similar to the one used in but differs in that the poles appear in 
the tachyonic side in our case.) Then effectively there appears no singularity and the 
bound may disappear, at the sacrifice of introduction of infinitely many tachyons. 
Using a Feynman rule with these propagators and vertices of the BSFT action, it 
might be possible to reproduce correct string amplitudes in a field-theoretical manner, 
also for the loop amplitudes. 



- 29 - 



There is another way to avoid this problem on the loops. In the previous section, 
we found that the three-point function disappear once one of the three momentum 
legs is put to be on-shell. If this is the general feature of the n-point functions in 
the BSFT action evaluated with the disk partition function, any field-theoretical loop 
amplitude constructed from these vertices vanishes. Thus from the first place there is 
no problem concerning the cut-off of the loop momenta. Then, how can we reproduce 
the string theory loop amplitudes from the BSFT? A possible answer to this question 
might be that we have to consider also the BSFT action based on partition functions 
of higher genus worldsheets. (This standpoint is different from Witten's original 
proposal that the disk partition function is a definition of the BSFT.) There are 



several problems even for one- loop BSFT's pGf, which is beyond the study in this 
paper. 

5. Conclusion and discussions 

The main virtue of the analytic continuation method which we have developed in 
this paper is that it accommodates the BSFT and string a models to the massive 
excitations. Allowing the normal-ordered Fourier basis for the boundary couplings 
of the a model partition function (= the BSFT action), we can choose appropriate 
momentum which manifestly makes the partition function finite. The analytic con- 
tinuation of the momenta brings us to any region of interest, including especially the 
on-shell momenta. The resulting BSFT off-shell two-point functions for the tachyon 
field, the gauge field and some of the massive fields on a BPS/non-BPS D-brane re- 
produce the well-known string mass-shell conditions. The BSFT three-point function 
computed for two tachyons and a single gauge field on a brane-anti-brane provides 
the correct on-shell value of the standard scattering amplitude calculation. In doing 
this, we have used the field redefinition of the tachyon and the gauge field which 
makes the three-point function regular at the on-shell value, instead of the prescrip- 
tions in [0, |l^ . The three-point function obtained in section ^ is consistent with the 



assumption S'bsft = Z : since the partition function already includes all the on-shell 
scattering amplitudes, the BSFT action should not generate additional contributions 
to these from one-particle-reducible Feynman graphs. In fact, our vertex vanishes if 
we put one of the external legs to be on-shell. 

We have found that our BSFT tachyon action coincides with those constructed so 
far in the Taylor (or derivative) expansion of the tachyon boundary coupling or in the 
linear tachyon profiles. As for the two-point functions we need no field redefinition 
to relate these, since the standard renormalization of the fields in the a model turns 
out to be identical with our renormalization based on the normal-ordered Fourier 
basis. For the three-point function, a certain field redefinition obtained by looking 
at the difference in gauge transformations on both sides gives a perfect agreement of 
the on-shell tachyon-tachyon-gauge interaction. 
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Because our analysis is based on the perturbation of the a model couplings for 
T, y4^, ■ ■ ■ , how our methods may incorporate non-perturbative effects of BSFT is a 



quite important subject to study. To illustrate this, let us recall the example |18 



where a perturbative series in the BSFT sums up to give a neat result. For the rolling 
tachyon solution T{X) = Xe~^° the partition function was obtained perturbatively 
as Z = (7'(-^o))^)"/'"') which can be analytically continued to 1/(1+T^) to give 

the information of the final state of the rolling tachyon |T^. This suggests that we 
need anyway the analytic continuation in general for the a model couplings. Then, 
how we can see directly non-perturbative effects of BSFT, like instantons in gauge 
theories? An answer is found in the evaluation of the partition function with the 
linear tachyon profiles, or the constant gauge field strength, or more general cases 
considered in ||2^ , which can be regarded as non-perturbative results. The path inte- 
gral of the world sheet action with these profiles reduces to a Gaussian integral, and 
is evaluated exactly, thus the results are non-perturbative in the boundary couplings. 
To find a more universal relation between this and the analytic continuation method, 
and how to extend our analysis beyond the perturbation, are interesting questions. 

We would like to point out an intriguing similarity between our tachyon two- 
point function ( p.23[ ) and the partition function of the linear tachyon profile ( |2.32| ). 
In fact, in (|]32D is written as 2v/7rr(x + 1) /r(x + 1 /2) which, function, is 
the same as Z^'^^ (y) defined in (|2.22|) if we absorb the 2^^ factor into the redefinition 
of the tachyon field. In the former, the argument is x = 2a'{d^TY while in the latter 
y is just a'd"^. This surprising similarity suggests that there might be some relation 
between these two, such as a certain field redefinition. If this is true, our result could 



be applied to the analysis of the rolling tachyon physics using BSFT |T5 . 

Although our approach have reproduced various perturbation results of string 
theory, there are still many indispensable aspects which need to be explored to have a 
definite "field-theoretical" BSFT. First, we need to include space-time fermions. This 
is difficult because we use the NS-R formalism, but it might be overcome by taking 



into account the broken supersymmetry pOf. Secondly, general n-point functions 



may have more complicated singularity structures, such as cuts. We do not have 
tools powerful enough to compute explicitly the higher-point functions which might 
exhibit interesting structures. At least, the four-point functions should reproduce 
the Veneziano amplitude and the s-t channel duality. Lastly, the most important is 
to understand the loop amplitudes of the BSFT discussed in the previous section. 
These are very interesting questions and we hope to come back to these in the future. 
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A. Rolling tachyon solution 



In this appendix, we study the properties of a classical solution of the tachyon equa- 
tion of motion ( p.25| ). Consider a solution of a plane wave with the momentum 
fco = ^/^/2a', fcj = 0, which is well promoted to be an exactly marginal operator 
p^ , p!8| , called a half S-brane. For this tachyon profile T = Ae^'"/^'^, the energy and 
the pressure were computed in [jl8[ with an arbitrary A, by evaluating a disk ampli- 
tude with an insertion of a single closed string vertex. Here we may compute those 
observables by purely field-theoretical method in the sense of target space, since we 
have an off-shell action for the tachyon. Let us see how our action reproduce a part 
of the results of [Q. We couple the system to the gravity in a natural manner. 



S = T dx 



1 - -T(x)Z(2)(- V^ay^V.)T(x) + 0{T') 



(A.l) 



From this expression the energy is defined as Tqo = [25L/5(7''°]gOo=_i. We may make 
a dimensional reduction to 1 dimension without losing generality. The reduced La- 
grangian has an infinite number of derivatives (we define \f--g^ = v), 



L = T- 

V 



l-^5^a.a'V"(V^T)^ 



n=0 



(A.2) 



thus it is nontrivial that the solution T = Xe^°/^'^ has a conserved energy, which 
we are going to check. The covariant derivatives are explicitly written as VqT = 
(l/t>"~^)9o(t'9o(f 9o(- ■ ■ (vdoT)))). Let us take a differentiation of L with respect to 
V, giving the energy in the system. 



1 dL 



v=l 



-n-- 



2 " / 2^ 5v 

' n=l 



n 



2n-l 



- ( 1 - ^aorA - ^$^a„a'" ^(9^r)(9o^-T)(-l)^ 



J v=l 



(A.3) 



n=l 



The equation of motion J2^=QCin{—i/2)"' = can be used under the substitution of 
the solution T = Ae^"/^'^^. We finally obtain the conserved energy 



00 



r 



(A.4) 



as we expected. 
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It is easy to show that the pressure Tu, which can be computed in the same 
manner from our Lagrangian, is identical to the partition function itself, since we 
are dealing with a spatially homogeneous rolling. This pressure reproduces the small 
field expansion of the result of the worldsheet computation p 



T.. = T(l-^(Ae^"/v^)' + 0(A^)) 



(A.5) 



We have used a relation Z^'^^y = 1/2) = J2n «n(l/2)" = n. The pressure is decreas- 
ing, and the system is decaying to the tachyon matter |T^. 

How about the the tachyon profile T = A cosh(X°/V2a') which was originally 
considered by Sen l]!^? The computation of the partition function faces a problem 



that T(r)T(0) diverges as r ^ because of contributions from cross terms, that is, 
(: e"^°/^'^(r) :: e~^'^^^'^ (0) :). Due to this divergence, the integration over r does not 
converge. However, now we have a BSFT action using the analytic continuation and 
it should be valid for this tachyon profile. In fact, if we notice that the contributions 
from the cross terms are proportional to the equation of motions and thus vanish, we 
can easily check that the pressure and energy computed from the action agree with 
those computed by Sen using the boundary state [|T7| to the order we considered. 



B. Background constant field strength 

Though the two-point functions obtained in this paper exhibit interesting higher 
derivative structures, at least around the on-shell momenta we can make a field 
redefinition to make them to be in a canonical form. In this sense any nontrivial 
consequence on effective action, except for the mass-shell conditions, may not come 
out from the two-point functions. However, if we include nontrivial backgrounds 
and compute two-point functions in those backgrounds, they contain information of 
higher point functions in a reduced manner. In this appendix, we follow this line 
and adopt a constant gauge field strength F^^ as a background. Many a model 
calculations have been done so far on this background, which would be good for 
comparison with our method. 

According to p, the worldsheet boundary propagator is 

{X>'{ipi)X''{if2)) = Ay -e-'" {G^''' cos{n^u) - tH^" sinin^u)) 

n=l 

= -2 [{G^"" - H^"") log(l - e*^^2-^) + {G^"" + m") log(l - e" 

(B.i; 



{r{vi)r{v2)) 2 



(i<(3i2-e)/2 (-i</3i2-€)/2 

(//^'^ - G^"") + (if'^^ + G^'') 



where 

Qt^v p2yX ^ ^i.v ^ _ p2yl _ 3) 
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Here F is a background constant field strength, and G^^, is so-called open string 
metric. Let us first consider a self-contraction to give a renormalized boundary 
coupling. The boundary coupling is the same as before, (p.33|) . The redefinition of 
the gauge field to absorb the divergent factor coming from the normal ordering is 

a,,{k) = aR^(fc) exp[2kf,G^"'K loge] . (B.3) 
As in section p.4|, expansion of this and addition of a total derivative term gives 



ap{k) = aRp(fc) + 2k^G'"'k^(\oge)aKp(k) - 2k^G^''kp{\oge)a^y(^k) 

= anp(k) - 2tk^G^''{\oge)hup{k) . (B.4) 

This renormalization is the same as that of 

A crucial difference from the boundary coupling in section p.4| appears in the 
self-contractions. The term (|2.36|) , which vanished for the trivial background, is now 
giving a nonzero contribution: 

J dT{Xf'{T)X''{T))ik'' : e'''-^ := -^^AH^'^ik^ J dr : e*^ : . (B.5) 

In addition, the fermion self-contraction is also non-vanishing as 

iri^Wiv)) = ■ (B.6) 

e" — 1 

Thus the diverging part of the self-contraction cancels with each other, while a finite 
term remains : 

/b = -ijdrjdk {a^^{k) : X^e*^: -2Up.{k) : ^'^^^e^^'^: -iH^^" hp^k) : e*"''' 

The last term is the finite modification due to the renormalization in the presence of 
the background constant field strength. 

Interestingly, this modification results in non-vanishing one-point function, 

(Jb) = -m^F^^,{x) . (B.7) 

This is expected, as an expansion of the Maxwell Lagrangian around a constant 
field strength. So our renormalized boundary coupling is consistent with the usual 
target space picture. 

Let us compute the two-point function with this boundary coupling. A straight- 
forward calculation shows that 

(Jb/b)= jdkdk e'ik+k)..^^z/2^Ak,G^''k J{'^KG>^''\-^ 1/2) / (A;)/. (fc)G'^^G'-^ . (B.8) 
J V{2kf,Gi"'ky + 1) 

MXhis existence of the one-point function does not cause any problem as opposed to the situation 
in section 2.5.2, because it is proportional to the field strength and thus it does not change the 
vacuum and the constant field strength is a solution of the equations of motion. 
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The higher-derivative part turns out eventually to be nothing different from the one 
obtained in the case of vanishing field strength background, except that the metric 
is now replaced by the open string metric Gfj_y. Our result ( p.8|) is consistent with 
the partition function results of [^. However, our result is slightly different from 
the effective action derived from string scattering amplitudes provided in 0. This 
discrepancy might be resolved by some field redefinitions or Jacobi-like identities 
among field strengths. 
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